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ON THE SIMULTANEOUSLY GENERATION OF JETS OF THE ADJOINT
BUNDLES
JUNCHAO SHENTU AND YONGMING ZHANG
Abstract. In this paper, we investigate the problem of simultaneously generations of r-jets of
ωX ⊗ L
⊗m when L is ample and base point free. It turns out that in this case, the bound of m
is optimistic, i.e. m ≥ f(r) = n + r + 1, which is linear in r. Our results work over arbitrary
characteristics. We also treat the same problem when X is singular where ωX is replaced by the
pushforward of canonical sheaves or the cohomology sheaves of dualizing complexes.
1. Introduction
Let X be a projective variety of dimension n and F be a coherent sheaf on X. Given l closed
points xi ∈ X and non-negative integers ri, i = 1, · · · , l, we say that F simultaneously generates
ri-jets on xi if the canonical morphism
H0(X,F )→ H0(X,F ⊗ OX/mr1+1x1 · · ·mrl+1xl )
is surjective. F simultaneously generates r-jets if for any integer l ≥ 1 and x1, · · · , xl ∈ X, F
simultaneously generates ri-jets on xi whenever
∑l
i=1(ri + 1) = r + 1. When F is a line bundle,
this notion is equivalent to r-jets ampleness introduced by M. C. Beltrametti and A. J. Sommese
([4]).
If F simultaneously generates r-jets, then for any 0-dimensional subscheme Z of length r+1 (i.e.
dimH0(Z,OZ) = r + 1), the natural morphism
H0(X,F )→ H0(X,F ⊗ OZ)
is surjective (Proposition 4.2).
There has been a great deal of interests for decades in exploring the generation of jets of the
adjoint linear series |ωX ⊗ L| where L is a line bundle on X. Among them there is a celebrate
conjecture by Fujita about simultaneously generations of 0-jets and 1-jets.
Conjecture 1.1 (Fujita [11]). Let X be a complex projective manifold of dimension n and L be
an ample line bundle on X. Then
(1) ωX ⊗ L⊗(n+1) is globally generated;
(2) ωX ⊗ L⊗(n+2) is very ample.
This conjecture is proved up to dimension 3 ([8,25]). The global generation part in dimension 4
is proved by Kawamata ([12]) and the affirmative answer in dimension 5 is claimed by Fei Ye and
Zhixian Zhu ([29]). It is known that ωX ⊗L⊗(n+1) is always semiample ([18], Theorem 3.3) and in
particular is nef. This implies that ωX ⊗ L⊗(n+2) is ample.
For higher r-jets when L is ample, Demailly ([6]) uses the method of the solution of the Monge-
Amprère equation to obtain the generation of r-jets at every point of X by global holomorphic
sections of ω⊗2X ⊗ L⊗m for m ≥ 6(n + r)n. Later Siu [27] shows that m ≥ 2(n + 2 + n
(3n+2r−1
n
)
)
is enough. He also gets results on generations of jets on 0-dimensional subsets: Given l points
x1, · · · , xl on X and non-negative integers r1, · · · , rl, ω⊗2X ⊗ L⊗m simultaneously generates ri-jets
on xi whenever m ≥ 2(n + 2 + n∑li=1
(3n+2ri−1
n
)
). This bound is improved by Demailly ([7]) to
m ≥ 2 +∑li=1
(3n+2ri−1
n
)
.
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In [1], Siu gives a criteria for separating distinct points of ωX ⊗ L⊗m instead of ω⊗2X ⊗ L⊗m for
a general n and the order m is only quadratic in n instead of exponential:
Theorem 1.2 ([1]). Let κ be a positive number. If (Ld ·W ) 1d ≥ 12n(n+2r−1)+κ for any irreducible
subvariety W of dimension 1 ≤ d ≤ n in X, then ωX ⊗ L simultaneously generates 0-jets on any
set of r distinct points x1, · · · , xr of X. In particular, if m ≥ 12(n2 + 2rn− n+ 2), then ωX ⊗ L⊗m
simultaneously generates 0-jets on any r distinct points x1, · · · , xr of X.
J. Kollár [17] generalizes this criterion to klt pairs by algebraic methods.
In the case of surfaces the results are more optimistic.
Theorem 1.3 (Beltramette and Sommese, [3]). Let L be a nef line bundle on a complex smooth
projective surface X and suppose that L2 ≥ 4r + 5. Then either ωX ⊗ L is r-very ample or there
exists an effective divisor D containing some 0-dimensional scheme of length ≤ r + 1 along which
r-very ampleness fails, such that a power of the line bundle L(−2D) has sections and
(D,L)− r − 1 ≤ D2 < 1
2
(D,L) < r + 1.
By r-very ampleness we mean that for each 0-dimensional subscheme Z of length r + 1, the
canonical morphism H0(ωX ⊗ L)→ H0(X,ωX ⊗ L⊗ OZ) is surjective. As a consequence (c.f. [4]
Proposition 2.1), if L is ample, then ωX ⊗ L⊗m simultaneously generates r-jets whenever m ≥ 3
for r = 0 and m ≥ (r + 1)(r + 2) for r ≥ 1.
Extrapolating from the Fujita’s conjecture, one may hope that ωX ⊗ L⊗(n+r+1) simultaneously
generates r-jets if L is ample. However, this is false even for the generation of r-jets on a single point.
In fact, [9] shows that there cannot exist a linear function f(r) (depending on n but independent
of X and L) such that ωX ⊗ L⊗f(r) generates r-jets at every point x ∈ X. On the other side, it
is shown in [loc.cit.] that if L is ample and m ≥ n(n + r), then ωX ⊗ L⊗m generates r-jets on a
general point x ∈ X.
The story in positive characteristic is less known. Even the Fujita conjecture in dimension 2 is
open. The positive results along this line are due to K. E. Smith and D. S. Keeler ([14,28]). They
respectively show that Fujita’s conjecture (1) and (2) holds over positive characteristics when L is
ample and globally generated .
The paper is organized as follows. The second section collects the main results in this paper.
The third section presents some preliminary materials which are used in the last section to prove
the main results.
Notations:
• A variety X over a field k is a reduced scheme finite type over k. We do not assume that
X is irreducible.
• Denote ωX/Y be the relative dualizing sheaf when X → Y is a Cohen-Macaulay morphism
between varieties. When Y = Spec(k), we use ωX for simplicity. For arbitrary variety Z
over k, denote by ω•Z/k the dualizing complex of Z over k.
2. Main Results
Let k be an algebraically closed field and all varieties are defined over k. The main technical
result in this paper is
Theorem 2.1 (Theorem 4.5). Let X be a projective variety and L be an ample and globally
generated line bundle on X. If F is a 0-regular coherent sheaf with respect to L, then F ⊗ L⊗r
simultaneously generates r-jets.
A coherent sheaf F on X is 0-regular with respect to L if H i(X,F ⊗ L⊗(−i)) = 0, ∀i > 0.
As applications of this theorem, we prove the following Fujita-type results:
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Corollary 2.2. [Theorem 4.8] Let X be a projective smooth variety over k (char(k) = p ≥ 0) and
D be a normal crossing divisor on X. Let L be an ample and globally generated line bundle and
A be an ample line bundle on X, then ωX ⊗ OX(D) ⊗ A ⊗ L⊗m simultaneously generates r-jets
whenever m ≥ n+ r.
The bound n+ r in the theorem is optimistic, as A = L = O(1) on Pn (D = ∅) shows.
In characteristic 0, the cases when r = 0, 1 and D is empty were known as a consequence of the
Kodaira vanishing theorem ([19], Example 1.8.23).
In characteristic p > 0, our result is a generalization of of the Fujita type theorems on 0, 1-jets
of K. E. Smith and D. S. Keeler ([14,28]).
Corollary 2.3. [Remark 4.6 (3)] Assume that (X,∆) is a projective klt pair over k with char(k) = 0
such that KX + ∆ is numerically equivalent to a Cartier divisor. Let L be an ample and globally
generated line bundle, then OX(KX + ∆) ⊗ L⊗m simultaneously generates r-jets whenever m ≥
n+ r + 1.
Combined with Theorem 1.2, we are able to show the following effective results on the generation
of jets.
Corollary 2.4. Let X be a complex projective manifold of dimension n and D be a normal crossing
divisor. Let L be an ample line bundle on X. Then for every m ≥ 12 (n2 + n + 2), then (ωX ⊗
OX(D)⊗ L⊗m)⊗(n+r+1) generates simultaneous r-jets.
Corollary 2.5. Let X be a complex projective manifold of dimension n and D be a normal crossing
divisor. Suppose that the log canonical line bundle ωX ⊗ OX(D) is ample, then (ωX ⊗ OX(D))⊗m
generates simultaneous r-jets (i.e. r-ample) whenever m ≥ 12(n2 + n+ 4)(n + r + 1).
If X is singular, there are two candidates for the canonical bundle: the cohomology sheaves of
dualizing complex and the Grauert-Riemenschneider canonical sheaf.
Corollary 2.6. Let X be an n-dimensional projective variety over k and L be an ample and globally
generated line bundle on X. Let ω•X/k be the dualizing complex of X. If one of the followings holds:
(1) char(k) > 0 and X is F -injective,
(2) char(k) = 0 and X is F -injective type,
then for every integer i, hi(ω•X/k)⊗ L⊗m simultaneously generates r-jets whenever m ≥ n+ r + 1.
When char(k) > 0, X is called F -injective if the trace morphism F∗ω
•
X/k → ω•X/k induces
surjective morphisms on all the cohomology sheaves. When char(k) = 0, X is called F -injective type
if there is a model X of X over Spec(R) where R is of finite type over Z such that infinite number
of the closed fibers of X are F -injective. In positive characteristic, F -injective singularity contains
all the singularities (F -regular, F -split, F -rational, etc.) which have birational geometric interests.
In characteristic 0, it is proved by K. Schwede [26] that F -injective type singularities are always du
Bois, which are the natural singularities in the moduli problem of algebraic varieties. Whether the
converse is true remains open. The readers can consult [22] for a survey of F -singularities.
Corollary 2.6 has a potential application in the birational geometry of varieties with canonical
singularities. Notice that when X is normal, we have
i∗ωXreg ≃ h− dimX(ω•X/k)
where i : Xreg → X is the canonical emersion. It is conjectured (c.f.[10], Problem 5.1.2) that log
canonical singularities are always F -pure type (and hence F -injective type). If this is true, then
for any projective variety X with log canonical singularities and any ample and base point free line
bundle L on X, OX(KX) ⊗ L⊗m simultaneously generates r-jets whenever m ≥ n + r + 1. This
is interesting because Kodaira vanishing theorem fails for log canonical varieties and Theorem 2.1
does not work directly in this case.
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Corollary 2.7. [Remark 4.6 (2)] Assume char(k) = 0. Let X be an n-dimensional projective
variety over k and L be an ample and globally generated line bundle on X. Let f : Y → X
be a proper morphism such that Y is smooth. Then for each j, Rjf∗ωY ⊗ L⊗m simultaneously
generates r-jets when m ≥ n + r + 1. Moreover, f∗(ω⊗lY ) ⊗ L⊗m simultaneously generates r-jets
when m ≥ l(n+ 1) + r.
LetX be a variety over k and µ : Y → X be a resolution of singularities, then µ∗ωY is independent
of the choice of resolutions and is called the Grauert-Riemenschneider canonical sheaf. This sheaf
can be also be constructed by taking a cubical resolution of X ([23]).
This is the relative version of Theorem 2.2. One may wonder whether the globally generating
assumption of L can be removed:
Let X be an n-dimensional projective variety over k and L be an ample line bundle on X.
Let f : Y → X be a proper morphism where Y is a smooth variety. Does Rjf∗ωY ⊗ L⊗(n+r+1)
simultaneously generate r-jets, at least for r = 0, 1?
However, this fails even for r = 0 if there is no restriction on the singularity of X. Let X be a
cubic nodal curve in P2 and f : P1 → X be the normalization of X. Let L = O(P ) where P is a
smooth point on X. Consider the exact sequence
H0(X,L)→ H0(X,L ⊗ k(P ))→ H1(X,OX)→ H1(X,L).
Since H1(X,L) = H0(X,L−1 ⊗ ωX) = 0, we see that P is the base point of L. Since
f∗ωP1 ⊗ L⊗2 = f∗(ωP1 ⊗ f∗L⊗2) = f∗(ωP1 ⊗ OP1(2)) = f∗(OP1),
H0(X, f∗ωP1⊗L⊗2) ≃ H0(P1,OP1) is 1-dimensional. Therefore f∗ωP1⊗L⊗2 is not globally generated
since the fiber of f∗ωP1 ⊗ L⊗2 at the nodal point is 2-dimensional.
The right conjecture is proposed by Y. Kawamata [13]:
Conjecture 2.8. Let f : Y → X be a surjective morphism from a smooth projective variety to
a smooth projective variety of dimension n such that f is smooth over X0 = X \ B for a normal
crossing divisor B on X. Let L be an ample divisor on X. Then the locally free sheaf Rjf∗ωY ⊗L⊗m
is generated by global sections if m ≥ n + 1, or m = n and the intersection number (Ln) ≥ 2 for
all j ≥ 0.
This conjecture is known for dimX ≤ 4 ([13]).
Corollary 2.7 does not hold in positive characteristics. In fact, we show that (Proposition 4.11)
given any m ∈ N, there is a curve fibration X → P1k with the total space X being a smooth surface,
such that f∗ωX ⊗ OP1
k
(m) is not globally generated. The failure of Corollary 2.7 in positive char-
acteristics is related to the pathological (non-positive) behaviour of the pushforward of canonical
sheaves.
3. Preliminary
Definition 3.1 (Castelnuovo-Mumford regularity). Let X be a projective variety and L be an
ample line bundle on X which is generated by global sections. A coherent sheaf F on X is m-
regular with respect to L if
H i(X,F ⊗ L⊗(m−i)) = 0,∀i > 0.
Theorem 3.2 (Mumford [20]). Let F be a 0-regular coherent sheaf on X with respect to L, then
F is generated by global sections.
Lemma 3.3. Let X be an n-dimensional projective variety and L be a globally generated ample line
bundle on X. Let x ∈ X be a closed point and let Z = ⋃Zi be a subvariety of X whose irreducible
components Zi are of dimension ≥ 1, then there is a global section s ∈ H0(X,L) such that its zero
locus passes through x and contains no Zi.
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Proof. Since L is ample and globally generated, there is a finite morphism φ : X → P(H0(X,L))
such that L ≃ φ∗OP(H0(X,L))(1). Obviously the general hyperplanes H of P(H0(X,L)) containing
φ(x) does not contain any φ(Zi) (whose dimensions are ≥ 1). The pullback section φ∗(H) satisfies
the requirement of the lemma. 
3.1. Koszul Complex. If L• andM• are two complexes of coherent sheaves, their tensor product
L• ⊗OX M• is, by definition, the complex such that
(L• ⊗M•)n =
⊕
p+q=n
Lp ⊗M q
and such that d : (L• ⊗M•)n → (L• ⊗M•)n+1 is defined on Lp ⊗M q by the formula
d(x⊗ y) = dL(x)⊗ y + (−1)px⊗ dM (y).
Let L be a line bundle on X and H0(X,L) 6= 0. A non-zero section s ∈ Γ(X,L) defines a 2-term
complex
L•(s) : · · · → 0→ L−1 s→ OX → 0→ · · ·
where L0(s) = OX and L
−1(s) = L−1. For any complex C•, we put
L•(s1, · · · , sn, C•) = C• ⊗ L•(s1)⊗ · · · ⊗ L•(sn).
If F is an OX-module we also view it as a complex by F
n = 0 (n 6= 0) and F 0 = F and we put
L•(s1, · · · , sn, F ) = F ⊗ L•(s1)⊗ · · · ⊗ L•(sn).
These complexes are called Koszul complexes.
For any coherent sheaf F the support of F is the closed subset Supp(F ) = {x ∈ X | Ex 6= 0}.
Its dimension is called the dimension of the sheaf F and is denoted by dim(F ).
Lemma 3.4. Let X be an n-dimensional projective variety and L be a globally generated ample
line bundle on X. Let x ∈ X be a closed point. Then for any coherent sheaf F there is a sequence
of global sections s1, · · · , sn ∈ Γ(X,L) whose common zero locus is a zero dimensional subscheme
Z containing x, and such that the cohomology sheaves of the Koszul complex L•(s1, · · · , sn, F ) are
zero dimensional, i.e.
dim(hi(L•(s1, · · · , sn, F ))) = 0 for all i.
Proof. If dim(F ) = 0, any sections s1, · · · , sn ∈ Γ(X,L) whose zero locuses intersect properly and
contain x will do. We assume that dim(F ) > 0. Since F is coherent, there are finitely many
associate points of F . By Lemma 3.3, one can choose a global sections s1 ∈ H0(X,L) whose zero
locus Z1 = Z(s1) passes through x but does not contain any non-closed associate point of F . We
have the exact sequence of complexes
0→ OX → L•(s1)→ L−1[1]→ 0.
Tensoring the above exact sequence with F , we get
0→ F → L•(s1, F )→ F ⊗ L−1[1]→ 0,
and a long exact sequence
0→ h−1(L•(s1, F ))→ h0(F )⊗ L−1 δ
0→ h0(F )→ h0(L•(s1, F ))→ 0.
The connecting homomorphism δ0 is the multiplication by s1. Hence dim(ker(δ
0)) = 0. Therefore
dim(hi(L•(s1, F ))) = 0, i 6= 0
and
h0(L•(s1, F )) = F/s1F.
If dim(h0(L•(s1, F ))) = 0 then we finish the proof.
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Now suppose that we already have a Koszul complex L•(s1, · · · , sm, F ) such that
dim(hi(L•(s1, · · · , sm, F ))) = 0, i 6= 0
and
h0(L•(s1, · · · , sm, F )) = F/(s1, · · · , sm)F.
If dim(h0(L•(s1, · · · , sm, F ))) 6= 0, by the similar method as above we can choose a global section
sm+1 ∈ H0(X,L) whose zero locus Zm+1 = Z(sm+1) passes through x but does not contain any
non-closed associate points of h0(L•(s1, · · · , sm, F )). Tensoring L•(s1, · · · , sm, F ) with the exact
sequence
0→ OX → L•(sm+1)→ L−1[1]→ 0,
we get
0→ L•(s1, · · · , sm, F )→ L•(s1, · · · , sm+1, F )→ L•(s1, · · · , sm, F )⊗ L−1[1]→ 0.
This induces a long exact sequence
· · · δ−p−1→ h−p−1(L•(s1, · · · , sm, F ))→ h−p−1(L•(s1, · · · , sm+1, F ))→ h−p(L•(s1, · · · , sm, F ))(L−1) δ
−p→
· · · δ−1→ h−1(L•(s1, · · · , sm, F ))→ h−1(L•(s1, · · · , sm+1, F ))→ h0(L•(s1, · · · , sm, F ))(L−1) δ
0→
h0(L•(s1, · · · , sm, F ))→ h0(L•(s1, · · · , sm+1, F ))→ 0.
Note that the connecting homomorphism δ−p is the multiplication by (−1)psm+1. By induction we
obtain a Koszul complex L•(s1, · · · , sm+1, F ) such that
dim(hi(L•(s1, · · · , sm+1, F ))) = 0, i 6= 0
and
h0(L•(s1, · · · , sm+1, F )) = F/(s1, · · · , sm+1)F.
After finite steps we get s1, · · · , sr ∈ Γ(X,L) (r ≤ n) such that
dim(F/(s1, · · · , sr)F ) = 0,
and by the construction,
dim(hi(L•(s1, · · · , sr, F ))) = 0 for all i.
If r = n, then we finish the proof. If r < n, we can choose general sections sr+1, · · · , sn and finish
the proof. 
4. Regularity and Generation of Jets
Throughout this section, k is an algebraically closed field in arbitrary characteristic unless oth-
erwise specified. All varieties are defined over k. First we recall the following
Definition 4.1. Let X be a proper variety. A coherent sheaf F on X simultaneously generates
r-jets if for any r + 1 closed points x1, · · · , xr+1 ∈ X (not necessarily different from each other),
the canonical morphism
H0(X,F )→ H0(X,F ⊗OX/mX,x1mX,x2 · · ·mX,xr+1)
is surjective.
When F is a line bundle, this notion is equivalent to the k-jet ampleness in [4]. Simultaneously
generating r-jets implies the separation of jets along any 0-dimensional subschemes of length r+1,
as the following proposition shows.
Proposition 4.2. If F simultaneously generates r-jets, then for any 0-dimensional subscheme Z
of length r + 1 (i.e. dimkH
0(Z,OZ) = r + 1), the natural morphism
H0(X,F )→ H0(X,F ⊗ OZ)
is surjective.
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Proof. Suppose that
OZ =
m⊕
i=1
OX/Ii
where {xi}i=1,··· ,m are closed points of X and for each 1 ≤ i ≤ m,
√
Ii = mxi . Denote ri =
dimk OX/Ii and
∑m
i=1 ri = r+1, then by Nakayama’s lemma we have (mxi/Ii)
ri = 0, which implies
mrixi ⊆ Ii. Therefore there is a natural surjective morphism
H0(X,F ⊗ OX/mr1x1 · · ·mrmxm)→ H0(X,F ⊗ OZ)
Hence we get the surjective morphism
H0(X,F )→ H0(X,F ⊗ OZ).

Theorem 4.3. Let X be a projective variety and L be an ample and globally generated line bundle
on X. If F is a 0-regular coherent sheaf with respect to L, then F ⊗L⊗mx is 0-regular with respect
to L for every closed point x ∈ X.
Proof. By Lemma 3.4 there is a sequence of global sections s1, · · · , sn ∈ Γ(X,L ) whose common
zero locus is a 0-dimensional closed subscheme Z containing x, such that the cohomology sheaves
of the Koszul complex L •(s1, · · · , sn,F ) are 0-dimensional, i.e.
dim(hi(L •(s1, · · · , sn,F ))) = 0 for all i.
Denote IZ be the ideal sheaf of Z.
Tensoring L with the Kuszul complex L •(s1, · · · , sn,F ), we get
0→ F ⊗
n∧
(L−1)⊕n ⊗ L→ F ⊗
n−1∧
(L−1)⊕n ⊗ L→ · · · → F ⊗ (L−1)⊕n ⊗ L d−1→ IZ ·F ⊗ L
where d−1 is surjective and all the cohomology sheaves are 0-dimensional. Since F is 0-regular,
F ⊗∧i(L−1)⊕n⊗L is i−1-regular for every i ≥ 1. Therefore IZ ·F ⊗L is 0-regular by an argument
on chasing through the above long exact sequence.
Note that (mx · F/IZ · F)⊗L is a subsheaf of h0(L •(s1, · · · , sn, F )⊗ L which is of dimension
zero. Therefore (mx · F/IZ · F) ⊗ L is 0-dimensional and hence is 0-regular. As a consequence,
mx · F ⊗ L is 0-regular by chasing the following exact sequence.
0→ IZ · F ⊗ L→ mx · F ⊗ L→ (mx · F/IZ · F)⊗ L→ 0
Since the kernel of mx ⊗ F ⊗ L ։ mx · F ⊗ L is 0-dimensional, we see that mx ⊗ F ⊗ L is
0-regular. 
Lemma 4.4. Let X be a projective variety and L be an ample and globally generated line bundle
on X. Assume that r is a non-negative integer and F is a coherent sheaf on X. If for every closed
point (x1, · · · , xl) ∈ X l with 0 ≤ l ≤ r, mx1 · · ·mxl · F ⊗ L⊗l is generated by global sections, then
F ⊗ L⊗r simultaneously generates s-jets for every 0 ≤ s ≤ r.
Proof. We prove the lemma by induction on s.
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The case when s = 0 is trivial. Let x0, · · · , xs be s+1 closed points of X. Consider the following
diagram
0

0

H0(X,mx0 · · ·mxs−1 · F ⊗ L⊗r)
ϕ
//

H0(X, (mx0 · · ·mxs−1 · F/mx0 · · ·mxs · F )⊗ L⊗r)

H0(X,F ⊗ L⊗r) φs //
φs−1

H0(X,F ⊗ L⊗r ⊗ OX/mx0 · · ·mxs)
ψ

H0(X,F ⊗ L⊗r ⊗ OX/mx0 · · ·mxs−1) Id // H0(X,F ⊗ L⊗r ⊗ OX/mx0 · · ·mxs−1)
By induction, φs−1 is surjective and then ψ is surjective. Therefore the two collum complexes are
short exact sequences. Moreover the horizontal morphism ϕ is equivalent to the canonical morphism
H0(X,mx0 · · ·mxs−1 · F ⊗ L⊗r)→ H0(X,mx0 · · ·mxs−1 · F ⊗ L⊗r ⊗ k(xs)),
which is surjective since mx0 · · ·mxs−1 · F ⊗ L⊗s and L are generated by global sections. Then the
surjectivity of φs follows from the snake lemma. 
Theorem 4.5. Let X be a projective variety and L be an ample and globally generated line bundle
on X. If F is a 0-regular coherent sheaf with respect to L, then F ⊗ L⊗r simultaneously generates
r-jets.
Proof. By Theorem 4.3, for every l closed points x1, · · · , xl ∈ X with l ≤ r,
F ⊗ (L⊗mx1)⊗ · · · ⊗ (L⊗mxl)
is 0-regular. Since the kernel of the natural surjective morphism
F ⊗ (L⊗mx1)⊗ · · · ⊗ (L⊗mxl)։ mx1 · · ·mxl · F ⊗ L⊗l
is 0-dimensional, mx1 · · ·mxl · F ⊗ L⊗l is 0-regular. By Theorem 3.2, it is generated by global
sections. Then the Theorem follows from Lemma 4.4. 
Remark 4.6. 0-regularity of coherent sheaves always comes from various vanishing theorems. We
make a non-complete list of 0-regular coherent sheaves as follows:
(1) F = ωX ⊗ OX(D) where X is an n-dimensional smooth projective variety over k with
char(k) = 0 and D is a normal crossing divisor on X. Let A be an ample line bundle. As a
consequence of Norimatsu’s vanishing theorem ([21]), KX ⊗OX(D)⊗L⊗n ⊗A is 0-regular
with respect to any globally generated ample line bundle L. This proves Corollary 2.2 in
the case of char(k) = 0.
(2) F = Rjf∗ωY , j ≥ 0 where f : Y → X is a proper morphism over k with char(k) = 0
such that Y is smooth. Then Rjf∗ωY ⊗L⊗dimX+1 is 0-regular with respect to any globally
generated ample line bundle L onX. This is a consequence of the Kollár’s vanishing theorem
([15]).
H i(X,Rjf∗ωY ⊗H) = 0, for all i > 0, j ≥ 0
where H is an ample line bundle. In particular, when f is birational, f∗ωY coincides with
FnΩ˜•X where Ω˜
•
X is the filtered de Rham complex of X defined by taking a cubical hyper-
resolution of X ([23]). Moreover, Popa and Schnell ([24]) generalize Kollár’s vanishing
theorem to the pushforward of pluri-canonical sheaf, namely
H i(X, f∗ω
⊗l
Y ⊗H⊗m) = 0, for all m ≥ l(n+ 1)− n, i > 0
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where H is an ample and globally generated line bundle. This implies that
f∗ω
⊗l
Y ⊗ L⊗l(n+1)
is 0-regular with respect to L. These vanishing theorems lead to Corollary 2.7.
(3) F = OX(KX+∆) where (X,∆) is a projective klt pair defined over k with char(k) = 0 such
that KX + ∆ is numerically equivalent to a Cartier divisor. By the Kawamata-Viehweg
vanishing theorem ([18]), we have
H i(X,OX (KX +∆)⊗ L) = 0, for all i > 0
This leads to Corollary 2.3.
4.1. Generation of Jets in Positive Characteristic. Now we consider generations of jets in
positive characteristics. Although the Kodaira-type vanishing fails generally over a positive char-
acteristic field, there is another kind of coherent sheaves ensuring the results as in Theorem 4.5.
Theorem 4.7. Let X be an n-dimensional projective variety over k with char(k) = p > 0 and L
be an ample and globally generated line bundle on X. Let A be an ample line bundle on X. Denote
by FX : X → X the absolute Frobenius morphism of X. Let G be a coherent sheaf such that there
exists a positive integer N and a surjective morphism tr : FNX∗G → G. Then G ⊗ L⊗(n+r) ⊗ A
simultaneously generates r-jets.
Proof. First we claim that there is a positive integer N0 such that for any integer N
′ ≥ N0,
FN
′
X∗G⊗L⊗n⊗A is 0-regular with respect to L. In fact, this follows from Serre’s vanishing theorem
and the following projection formula
H i(X,FN
′
X∗G⊗ L⊗(n−i) ⊗A) ≃ H i(X,G⊗ L⊗p
N′ (n−i) ⊗A⊗pN
′
).
By Theorem 4.3, for any non-negative integer r and every closed point (x1, · · · , xl) ∈ X l with
0 ≤ l ≤ r, FN ′X∗G⊗ L⊗(n+l) ⊗A⊗mx1 ⊗ · · · ⊗mxl is generated by global sections. Since the kernel
of the surjective morphism
FN
′
X∗G⊗ L⊗(n+l) ⊗A⊗mx1 ⊗ · · · ⊗mxl → mx1 · · ·mxl · FN
′
X∗G⊗ L⊗(n+l) ⊗A
has supports contained in the set of isolated points {x1, · · · , xl}, we see that mx1 · · ·mxl · FN
′
X∗G⊗
L⊗(n+l) ⊗A is 0-regular. By Theorem 3.2, it is globally generated.
Now consider the composition of
F kNX∗G
F
(k−1)N
X∗
tr→ · · · → F 2NX∗G
FN
X∗
tr→ FNX∗G tr→ G
where k is an integer such that kN ≥ N0, we get a surjective morphism F kNX∗G → G. As a
consequence, for any non-negative integer r and every closed point (x1, · · · , xl) ∈ X l with 0 ≤ l ≤ r,
mx1 · · ·mxl ·G⊗L⊗(n+l)⊗A is generated by global sections. Then the theorem follows from Lemma
4.4. 
Theorem 4.8. Let X be an n-dimensional smooth projective variety over k (char(k) = p ≥ 0) and
D be a normal crossing divisor on X. Let L be an ample and globally generated line bundle and A
be an ample line bundle on X. Then ωX ⊗ OX(D)⊗ L⊗(n+r) ⊗A simultaneously generates r-jets.
Proof. If char(k) = 0, this is a consequence of Theorem 4.5 (see Remark 4.6 (1)). If char(k) = p > 0,
by Theorem 4.7 it suffices to construct a surjective morphism F∗(ωX ⊗ OX(D)) → ωX ⊗ OX(D).
We choose (étale) locally on X parameters x1, · · · , xn where D is defined by x1 · · · xr = 0. Then
the Cartier morphism
C : F∗(ωX)→ ωX
xp−11 · · · xp−1n dx1 ∧ · · · ∧ dxn 7→ dx1 ∧ · · · ∧ dxn
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extends to a morphism
C ′ : F∗(ωX ⊗ OX(D))→ ωX ⊗ OX(D)
f
dx1
x1
∧ · · · ∧ dxr
xr
∧ dxr+1 ∧ · · · ∧ dxn 7→ f [
1
p
] dx1
x1
∧ · · · ∧ dxr
xr
∧ dxr+1 ∧ · · · ∧ dxn.
Here f
[ 1
p
]
is the unique function such that f = (f
[ 1
p
]
)p + g, where g does not contains any terms
like (xa11 · · · xakk )p. It is easy to see that C ′ is surjective. 
Recall that for a projective variety X over k, the non-trivial cohomology sheaves of the dualizing
complex ω•X/k lie in [− dimX, 0]. If char(k) = p > 0, by applying RH omOX (−, ω•X/k) on the
canonical morphism
OX → FX∗OX ,
we gets the trace morphism
tr : FX∗ω
•
X/k → ω•X/k.
X is called F -injective if
tri : FX∗h
i(ω•X/k)→ hi(ω•X/k)
is surjective for all i. When char(k) = 0, X is called F -injective type if there is a model X of X
over Spec(R) where R is of finite type over Z such that infinite number of the closed fibers of X
are F -injective. It is proved by K. Schwede [26] that F -injective type singularities are always du
Bois. Whether the converse is true remains open.
Corollary 4.9. Let X be an n-dimensional projective variety over k and L be an ample and globally
generated line bundle on X. Let ω•X/k be the dualizing complex of X. If one of the followings holds:
(1) char(k) > 0 and X is F -injective,
(2) char(k) = 0 and X is F -injective type,
then hi(ω•X/k)⊗ L⊗(n+r+1) simultaneously generates r-jets.
Proof. (1) follows from Theorem 4.7. (2) follows from the standard argument of reduction to mod
p. 
Remark 4.10. It is conjectured that log canonical singularities are always F -pure type (and hence
F -injective type). If this is true, then we see that if X is a log canonical projective variety,
then OX(KX)⊗ L⊗(n+r+1) simultaneously generates r-jets, provided that L is ample and globally
generated. This is interesting because Kodaira vanishing theorem fails for log canonical varieties.
In the end we give an example showing that Corollary 2.7 fails in positive characteristics.
Proposition 4.11. Let k be an algebraically closed field with char(k) = p > 0, then for any
m ∈ N, there is a curve fibration X → P1k with the total space X being a smooth surface, such that
f∗ωX ⊗ O(m) is not globally generated.
Proof. By [2] there is a semi-stable surface fibration g : X ′ → P1k over k such that
g∗ωX′/P1
k
⋍ O
P1
k
(−1)⊕ O
P1
k
(p).
Consider the Frobenius base change of this fibration
X
f
  
❆
❆
❆
❆
❆
❆
❆
❆
h
// X ′′
p

q
// X ′
g

P
1
k
Fn
// P
1
k
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where Fn is the n times compositions of the absolute Frobenius morphism of P1k and h is the
minimal desingularization of the normal surface X ′′ = P1k×P1k X
′. Since g is a semi-stable fibration,
X ′′ has only rational double point singularities. So it has only Gorenstein singularities and
h∗ωX = ωX′′ .
Since g is a CM morphism, we have the following relation ([5]) between the relative dualizing
sheaves:
ωX′′/P1
k
= q∗ωX′/P1
k
.
Consequently we have:
f∗ωX = p∗h∗ωX = p∗ωX′′ = p∗ωX′′/P1
k
⊗ ω
P1
k
= p∗q
∗ωX′/P1
k
⊗ ω
P1
k
= (Fn)∗g∗ωX′/P1
k
⊗ ωP1
k
= (Fn)∗(OP1
k
(−1)⊕ OP1
k
(p))⊗ OP1
k
(−2)
= O
P1
k
(−pn − 2)⊕ O
P1
k
(pn+1 − 2).
For any line bundle L = O
P1
k
(m) on P1k, we can choose a n such that −pn − 2 + 2m < 0. Then
f∗ωX ⊗L⊗2 = OP1
k
(−pn− 2 + 2m)⊕OP1
k
(pn+1 − 2 + 2m) always has a direct summand of negative
degree which breaks the global generation of f∗ωX ⊗ L⊗2. 
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